A graph G is k-geodetically connected (k-GC) if it is connected and the removal of at least k vertices is required to increase the distance between at least one pair of vertices or reduce G to a single vertex. We completely characterize the class of minimum 3-GC graphs that have the fewest edges for a given number of vertices. ?
Introduction
Motivation for studying k-geodetically connected (k-GC) graphs is the reliability of a communication network. We assume that a network is a graph whose vertices represent network nodes (e.g. computer servers) and edges represent the communication links. It is required that the communication time between any two nodes in the network will not increase after failure of any k − 1 network nodes. Entringer et al. [2] were the ÿrst who studied the corresponding graphs and introduced the notion of geodetic connectivity for connected graphs which are not complete. A k-GC graph remains with the same distances after deleting any k − 1 vertices. A minimum k-GC graph is a graph which is k-GC and has the minimum number of edges for a given number of vertices. 1 Research supported by a VEGA grant.
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The class of minimum 2-GC graphs was already described by Farley and Proskurowski in [3] . In this paper, we characterize the class of minimum 3-GC graphs. The class of minimum k-GC graphs of diameter 2 is described in [5] . A survey of k-GC graphs is given in [6] , while [7] is devoted to k-GC digraphs (deÿned as expected).
Our graph terminology is based on [4] with small distinctions. Given a graph G, the order n is its number of vertices, size m is the number of edges and is its minimum degree. For a given vertex v of G, let N G (v) denote the neighborhood of v being the set of vertices adjacent to v and let deg G (v) denote the degree of v. A shortest path between two vertices u and v is called a u-v geodesic and we will denote its length by dist G (u; v).
By wheel W n ; n ¿ 4, we will understand the C n−1 with one additional vertex connected to each of its vertices where C n is the cycle graph with n vertices. Following this notion, W n has n vertices.
We will use a notion of a level of a given graph G with respect to a ÿxed vertex x (if the vertex x is not speciÿed then any vertex can be taken for x). Vertices are arranged in levels, depending on their distance from the vertex x. A vertex v is at level i, if dist G (x; v) = i. The vertex x is at level 0. Next, we will denote the index of a level by L(v), i.e. if v is at level i, then L(v) = i. This notion is frequently used in graph theory. Farley and Proskurowski [3] used it for 2-GC graphs and PlesnÃ k [6] for k-GC graphs, but we will need further details. Therefore our proofs do not depend on [3] or [6] . Deÿnition 1. A graph G is said to be k-GC, k ¿ 0, if G is connected and the removal of at least k vertices is required to increase the distance of at least two vertices or reduce G to a single vertex. If G is not connected we say it is 0-GC. The maximum k for which a graph G is k-GC is called the geodetic connectivity of G.
By the deÿnition of a k-GC graph, it is clear that such a graph has to have at least k + 1 vertices. Entringer et al. [2] described fundamental properties of k-GC graphs in the following lemma:
Lemma 2. The following statements are equivalent for any graph G and integer k ¿ 1.
(ii) G is connected and either (a) G is a complete graph of order at least k + 1 or (b) G is not complete and every two vertices distance 2 apart are joined by at least k internally disjoint geodesics.
Analogical to the twins of Farley and Proskurowski (see [3] ) and the k-size multiplets of Chang et al. [1] we deÿne triplets. According to this notion we deÿne triplet graphs as an analogy of twin graphs (see [3] ) recursively. (We begin with the complete bipartite graph K 3; 3 .) Deÿnition 4 (Triplet graph). (i) K 3; 3 is a triplet graph.
(ii) If G is a triplet graph then the graph G constructed by connecting a new vertex by three edges to triplets is a triplet graph.
The class of all triplet graphs of order n is denoted by T n .
Theorem 5. Every graph in T n is 3-GC and its size is 3n − 9.
Proof. K 3; 3 is clearly 3-GC. Let G be a triplet graph which is 3-GC. Let us join a new vertex v to G due to Deÿnition 4. Then its neighbors are triplets which means they share their neighborhoods. To prove that the new graph G is 3-GC we apply Lemma 2. If dist G (v; u) = 2 then u belongs to the shared neighborhood of the triplets. Therefore, there exist three internally disjoint u-v geodesics in G . Triplet graphs with n vertices have 3n − 9 edges, since K 3; 3 is of order 6 and size 9, and 3 edges are added for each new vertex from Deÿnition 4(ii).
Description of the class of minimum 3-GC graphs
We want to characterize the 3-GC graphs which have the minimum number of edges. We say a graph is an exception if it is minimum 3-GC but not a triplet. We will show that, together with ÿve exceptions, triplet graphs constitute exactly the class of minimum 3-GC graphs. Since every 3-GC graph has at least 4 vertices, we begin with this order. By Lemma 2 we see that the complete graph K 4 is the unique minimum 3-GC graph of order 4. We know from [5] , that there is exactly one minimum 3-GC graph of order 5. It is the wheel W 5 (denoted by G(5; 3) in [5] ).
In the sequel we will deal with the minimum 3-GC graphs of order n ¿ 6 only. The size of these graphs m 6 3n − 9, by Theorem 5.
Lemma 6. In a 3-GC graph each vertex v at level i; i ¿ 1, has at least three neighbors at level i − 1.
Proof. Let v belong to level i; i ¿ 1. That gives v has to have a neighbor x at level i − 1 and x has to have a neighbor y at level i − 2. Since dist G (v; y) = 2, there exist two more internally disjoint paths from y to v of length 2. Internal vertices of such paths must belong to level i − 1.
Evidently, Lemma 6 yields the following lemma:
Lemma 7. In a 3-GC graph each level i; i ¿ 0, except the maximum level, has at least three elements.
Lemma 8. Any 3-GC graph with n vertices and m 6 3n − 9 satisÿes 3 6 6 5.
Proof. For the size m of the graph G it holds that 3n − 9 ¿ m ¿ n 2 :
From this inequality we see 6 5. By Lemma 2(ii)(b) we get ¿ 3.
The following lemma, which is a special case of Corollary 1 in [6] , shows that any 3-GC graph with less than 3n − 9 edges has to have minimum degree 4 or 5. For the reader's convenience we give a proof.
Lemma 9. Any 3-GC graph with n vertices and m ¡ 3n − 9 contains no vertex of degree 3.
Proof. Let there be a vertex of degree 3 in the graph. Let us make the levels with respect to that vertex. We get one vertex at level 0, there are three vertices at level 1 and there are n − 4 vertices in the remaining levels. By Lemma 6 each vertex at level i; i ¿ 1, has three adjacent vertices at level i − 1. Thus, m ¿ 3(n − 4) + 3 = 3n − 9; a contradiction.
In the sequel, we will try to show that there is no minimum 3-GC graph with = 5. As the ÿrst thing we will show that a minimum 3-GC graph cannot be of diameter 2. The same result could be achieved by using Jackson and Entringer's conclusions [5] .
Lemma 10. There is no minimum 3-GC graph of diameter 2 with = 5.
Proof. Let G be a minimum 3-GC graph of diameter 2 with = 5. First, we will estimate the order of G. Since = 5, we have m ¿ 5n=2. Since m 6 3n − 9, we get n ¿ 18. On the other hand, making the levels with respect to any vertex of degree 5, we get 3 levels (if we get 2 levels, it would be K 5 which is not minimum 3-GC graph, a contradiction). There is one vertex at level 0. There are 5 vertices at level 1 and there are n − 6 vertices remaining at the last level 2. By Lemma 6 we see that each vertex at level 2 has at least 3 neighbors at level 1. For each vertex v at level 2 we have deg G (v) ¿ 5. Thus, m ¿ 5 + 3(n − 6) + (n − 6). Since m 6 3n − 9, we get n 6 10, a contradiction. Now, we are going to show that there is no minimum 3-GC graph with minimum degree 5.
Lemma 11. There is no 3-GC graph with = 5 and m 6 3n − 9.
Proof. Let G be a 3-GC graph with = 5. Let us make the levels of G with respect to any vertex of degree 5. Using Lemma 6 we have m ¿ 3(n − 6) + 5 = 3n − 13: Now, let us take a look at the structure of the last level p (By Lemma 10 we can assume p ¿ 2). We will distinguish ÿve cases as to the cardinality of level p and estimate the size m by Lemma 6.
Case 1: There is exactly one vertex v at level p. Subcase 1.A: deg G (v) = 5 (see Fig. 1 .) If there are only 3 edges going from level p − 1 to level p − 2, then m ¿ 3(n − 7) + 10 = 3n − 11. But it is too few, because for each vertex v at level p − 1 it holds deg G (v) ¿ 5, too. Therefore, we need at least 3 more edges to make it ÿt. Then we have m ¿ 3n − 9, a contradiction. Subcase 1.B: deg G (v) ¿ 6. Similar to Subcase 1.A we see that m ¿ 3n − 9, a contradiction.
Case 2: There are exactly two vertices u and v at level p. Fig. 2 ). Then we get m ¿ 3(n − 8) + 3 × 5 = 3n − 9. This is not a contradiction and we will reexamine this case later. Subcase 2.E: At least one of the vertices u and v is of degree ¿ 5. This yields m ¿ 3n − 9, a contradiction.
Case 3: There are exactly three vertices at level p. Subcase 3.A: Each of them is of degree 5, all 3 are mutually adjacent and except at most one vertex each vertex at level p − 1 has at least two neighbors at level p. (see Fig. 4 ). Then we have m ¿ 3(n − 9) + 5 + 4 × 3 = 3n − 10.
Subcase 3.B: One of them is of degree 6, the remaining 2 vertices are of degree 5, all 3 are mutually adjacent and each vertex at level p − 1 has at least two neighbors at level p (see Fig. 5 ). Then we have m ¿ 3(n − 9) + 5 + 4 × 3 + 1 = 3n − 9.
Subcase 3.C: All other possibilities. We see that m ¿ 3n − 9, a contradiction. Case 4: There are exactly four vertices at level p. Subcase 4.A: Each of them has 2 neighbors at level p and is of degree 5 (see Fig. 6 ). Then we get m ¿ 3(n − 10) + 5 + 4 × 3 + 4 = 3n − 9. Subcase 4.B: All other possibilities. We obtain m ¿ 3n − 9, a contradiction. Case 5: There are more than 4 vertices at level p. We have m ¿ 3n − 9, a contradiction.
There are still Subcases 2.A, 2.C, 3.A, 3.B and 4.A left to consider in detail. By Cases 1-5 we see m ¿ 3n − 10. Therefore, in any 3-GC graph with = 5 there is at most one pair of adjacent vertices at level i; 1 6 i ¡ p.
Considering Subcases 2.C, 3.A, 3.B and 4.A, let us take any vertex at the last level and make the levels with respect to it. In each case we can ÿnd more than one pair of adjacent vertices at level 1, therefore, in any of the Cases 2.C, 3.A, 3.B and 4.A we have m ¿ 3n − 9, a contradiction.
There remains only Subcase 2.A. Let us make the levels with respect to any vertex of the last level again. We ÿnd a vertex at level 2 which has 5 neighbors at level 1, which adds 2 more edges and from that we get m ¿ 3n − 9, a contradiction. Deÿnition 12. Let G be a 3-GC graph with = 4. Let us consider levels made with respect to any vertex of degree 4 and suppose that the last level is level p. Then we say that the levels have Structure S1: if there is exactly one vertex v at level p and deg G (v) = 4 (see Fig. 7 ).
Structure S2: if there is exactly one vertex v at level p and deg G (v) = 5 (see Fig. 8 ).
Structure S3: if there are exactly two vertices u and v at level p, the vertices u and v are non-adjacent and deg G (u) = deg G (v) = 4 (see Fig. 9 ).
Structure S4: if there are exactly two vertices u and v at level p, the vertices u and v are adjacent and deg G (u) = deg G (v) = 4 (see Fig. 10 ).
Structure S5: if there are exactly two vertices u and v at level p, the vertices u and v are adjacent and deg G (u) = 4 and deg G (v) = 5 (see Fig. 11 ).
Structure S6: if there are exactly three vertices at level p, exactly two of them are non-adjacent and each of them has only 3 neighbors at level p − 1 (see Fig. 12 ). Now, we estimate the size of a 3-GC graph with = 4.
Lemma 13. Any 3-GC graph with = 4 has m ¿ 3n − 10.
Proof. Let G be a 3-GC graph with = 4. Let us make the levels of G with respect to any vertex of degree 4. Now, let us take a look at the structure of the last level p. We will distinguish 4 cases as to the cardinality of level p and estimate the size m by Lemma 6. The omitted details are easy. Case 1: There is exactly one vertex v at level p. Subcase 1.A: Structure S1. We get m ¿ 3n − 10. Subcase 1.B: Structure S2. We see that m ¿ 3n − 9. Subcase 1.C: deg G (v) ¿ 6. We have m ¿ 3n − 9. Case 2: There are exactly two vertices u and v at level p. Subcase 2.A: Structure S3. We can conclude that m ¿ 3(n − 7) + 3 × 4 = 3n − 9. Subcase 2.B: The vertices u and v are non-adjacent and at least one of them is of degree at least 5. Then we obtain m ¿ 3n − 9. Lemma 15. Let G be a 3-GC graph with = 4 and m 6 3n − 9. Let us consider levels made with respect to any vertex of degree 4 and suppose that the last level is level p. Then: (a) There exists at most one vertex x with 1 ¡ L(x) ¡ p and without the property P 1 and there exists at most one pair of adjacent vertices u and v with 1 6 L(u) = L(v) ¡ p. Moreover, the vertex x and the pair of the vertices u and v cannot coexist together. (b) If x does not have the property P 1 , then it has the property P 2 .
Proof. The proof evidently follows from Lemma 13, inequality m 6 3n − 10, and the way we obtained it.
Lemma 16. Let G be a 3-GC graph with = 4 and with m 6 3n − 9. Let us consider levels made with respect to any vertex of degree 4. Then the last level is level 3.
Proof. Let G be a 3-GC graph with = 4 and with m 6 3n − 9. Let us make the levels with respect to any vertex of degree 4. Assume level 4 is non-empty. Then there are at least 3 vertices at level 3 (by Lemma 7). Therefore, by Lemma 15 at least one vertex at level 3 has the property P 1 . Let v be that vertex and let 1, 2 and 3 be its neighbors at level 2. Let the vertices at level 1 be named a; b; c and d (see Fig. 13 ). Each of the vertices 1; 2 and 3 has at least 3 neighbors at level 1. There remains to consider only the following two possibilities:
Case 1: The vertices 1; 2 and 3 have 3 common neighbors at level 1 (see Fig. 14) . We assume that they are b; c and d. By Lemma 15, at most one of them can be adjacent to a. Suppose that vertex 1 has this property. Since deg G (a) ¿ 4, Lemma 15 yields that the vertex a has to have at least 2 neighbors (di erent from 1; 2 and 3) at level 2, say e and f. By Lemma 15 we know that at least one of e or f has the property P 1 . We will assume that it is f (see Fig. 15 ). Then, we have two paths of length 2 between f and each of the vertices 2 and 3. By Lemma 2(ii)(b) it is too few. Therefore we have to ÿnd more paths between f and 2; 3.
We see that f cannot be adjacent to all of the vertices b, c; d and v cannot be adjacent to f (otherwise it would be a contradiction with the fact that v and f have the property P 1 ) and neither f can be adjacent to the vertices 2 and 3 (by Lemma 15).
Therefore one of the following possibilities holds: Subcase 1.A: There exists a vertex w at level 3 adjacent to the vertex f and to the vertices 2 and 3. Since dist G (a; w) = 2, by Lemma 2(ii)(b), there have to exist 3 vertices at level 2, to which a and w are both adjacent. Then w has at least 5 neighbors at level 2, a contradiction by Lemma 15. Subcase 1.B: There exist two vertices w 1 and w 2 at level 3 adjacent to f such that w 1 is adjacent to the vertex 2 and w 2 is adjacent to the vertex 3. Since dist G (a; w 1 )=2 and dist G (a; w 2 ) = 2, by Lemma 2(ii)(b) there have to exist 3 vertices at level 2, to which a and w 1 are both adjacent and the same thing has to be true for w 2 . Then w 1 and w 2 have at least 4 neighbors at level 2, a contradiction by Lemma 15.
Case 2: The vertices 1; 2 and 3 have less than 3 common neighbors at level 1. That means there exists a vertex, say a, at level 1, which has at most two vertices among 1; 2 and 3 as its neighbors (see Fig. 16 ). Then dist G (a; v) = 2. We see that there exist at most two paths of length 2 between these vertices, a contradiction with Lemma 2(ii)(b) (because of our assumption that v has the property P 1 ). Now, it is su cient to prove that the last level cannot be the level 2. Since = 4, we get m ¿ 4n=2. Combining this inequality with m 6 3n − 9 we get n ¿ 9. But from the proof of Lemma 13 we know that only the Structures S1-S6 give m ¿ 3n − 10 (otherwise m ¿ 3n−9). Therefore, each exception with =4 belongs to these structures. Looking at the Structures S1-S6 we have n 6 8, a contradiction. Now we will take a look at the Structures S1-S6 in detail. Using Lemma 16 will simplify the situation since the graph in each of the cases will have 4 levels. Lemma 17. There is no 3-GC graph with m 6 3n − 9 possessing the Structure S4; S5 or S6.
Proof. Let u and v be adjacent vertices at level 3. First, we will show that there exists a vertex w at level 2, which is adjacent to only one of the vertices u and v. In the Structure S5 the existence of such a vertex is easily seen because one of the vertices u and v has 3 neighbors at level 2 and the other has 4 neighbors at level 2.
Assume to the contrary that there is no such vertex w in the Structures S4 and S6. Then, the vertices u and v have 3 common neighbors at level 2. Let us make the levels with respect to u. Then vertex v is located in level 1 and also has 3 neighbors in level 1. A contradiction by Lemma 15.
So there must exist a vertex w, which is adjacent to only one of the vertices u and v. Let u be that vertex at level 3 which w is not adjacent to.
The vertex u is 2 length units apart from at least 3 vertices of level 1 and vertex w is 1 length unit apart from 3 vertices of level 1. At least two of these vertices at level 1 are the same, because there are only 4 vertices at level 1. Let us mark those two vertices by a and b. Let us make new levels with respect to the vertex u at this moment. Since dist G (u; w) = 2 (because w is adjacent to another vertex v), w is located at new level 2 and the vertices a and b are at new level 2, too. This gives that w has 2 neighbors at this new level 2, a contradiction by Lemma 15.
From the Structure S1 we get an exception with 10 vertices and 20 edges which relative to T 10 saves one edge. Lemma 18. The Structure S1 yields only the exception M 1 depicted in Fig. 17 with n = 10 and m = 20.
Proof. If we want an exception of size 3n − 10, then each vertex at level 2 has the property P 1 . Let u be the vertex in the last level 3 (see Lemma 16). If we make the levels with respect to the vertex u, we see that each vertex at level 1 has exactly 3 neighbors at level 2 and each vertex at level 2 has exactly 3 neighbors at level 1, too. From this it immediately follows that M 1 is the only completion to a 3-GC graph of size 3n − 10.
There are Structures S2 and S3 not yet analyzed.
Lemma 19. In any exception with the Structure S2 or S3 each vertex of level 2 has property P 1 and neither level 1 nor level 2 contains a pair of adjacent vertices.
The proof simply follows from the estimate m ¿ 3n − 9 for the Structure S2 and by the proof of Lemma 13 for S3.
Lemma 20. The Structure S3 determines two exceptions: Fig. 18 with n = 11 and m = 24.
(ii) The exception M 3 depicted in Fig. 19 with n = 12 and m = 27.
Proof. Let us mark the vertices at level 3 by u and v. We will distinguish 4 cases depending on the number of common neighbors of u and v at level 2. Case 1: = 4. Then, by Lemma 19, each vertex at level 2 has the property P 1 . Now, when we make new levels with respect to the vertex u, the vertex v appears at new level 2 and we ÿnd out that the original vertices from old level 1 have exactly 3 neighbors at old level 2 . The only 3-GC graph with m = 24 which complies with this is M 2 .
Case 2: = 3. This yields there are 5 vertices at level 2. Let us mark the uncommon vertices at level 2 by x and y. The vertex x has the property P 1 (by Lemma 19) and by Lemma 2(ii)(b) we know that vertex y has to have the same neighbors at level 1, so that there were 3 internally disjoint x-y geodesics between them (see Fig. 20 ). There is a vertex remaining at level 1, say w, which does not have any neighbors so far at level 2. Since there are yet 3 vertices at level 2 which can have neighbors at level 1; w has to be adjacent exactly to those vertices (see Fig. 21 ) (because deg G (w) ¿ 4). There is only one possibility by which we can complete the graph constructed this way to a 3-GC graph with m = 27 and we obtain M 3 .
Case 3: 1 6 6 2. This contradicts Lemma 2(ii)(b), because there do not exist 3 internally disjoint u-v geodesics. Proof. By Lemma 19 we know that there are 15 edges going from level 2 to level 1. By that we see that there exists at least one vertex v at level 1 of degree 4 and it has exactly 3 neighbors at level 2. When making new levels with respect to v we ÿnd out that there have to be exactly 2 non-adjacent vertices at the last new level 3 (they are exactly the vertices from old level 2 which are non-adjacent to the vertex v). We see that the new levels have Structure S3, i.e. it determines no new exception.
The last thing remaining to prove is that all minimum 3-GC graphs with a vertex of degree 3 are triplet. We follow a similar approach to that of Farley and Proskurowski [3] .
Theorem 22. Any minimum 3-GC graph with the vertex of degree 3 and with n ¿ 6 is a triplet graph.
Proof. Assuming to the contrary, let us have a minimum 3-GC graph with a vertex x of degree 3, which is not a triplet graph. If the levels are made with respect to the vertex x, then each vertex at level i; i ¿ 1, has exactly 3 neighbors at level i − 1 (by Lemma 6) . From this fact it follows that each vertex at level 2 is adjacent to all 3 vertices at level 1. But then vertices at level 1 have common neighborhoods, so they are triplets. Let us remove the vertex x. Then it is easy to see that the new graph is again 3-GC but is not a triplet. A contradiction with the minimum order assumption. 
Main result
Finally, we can summarize all partial results from Section 2 in the following theorem, which completely characterizes minimum 3-GC graphs. Clearly each 3-GC graph has at least 4 vertices. The triplet graphs along with exceptions K 4 ; W 5 ; M 1 ; M 2 and M 3 constitute the class of minimum 3-GC graphs. The exceptions M 2 and M 3 are of the same size as the corresponding triplet graphs, while the size of M 1 is one less than that of size T 10 .
Theorem 23. Let m n denote the minimum size of a 3-GC graph of order n; n ¿ 4 and G n denote the class of all corresponding minimum 3-GC graphs. Then we have: Note that the addition of a new vertex to a triplet graph is easy by connecting it to triplets. Doing so, we keep a graph 3-GC and m = 3n − 9. On the other hand, if we would like to connect new vertices to an exception and to keep the graph being 3-GC, the resulting graph will have more edges than a triplet graph with the same number of vertices.
